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Abstract 

We study the properties of time evolution of the K° — K° system 
in spectral formulation. Within the one-pole model we find the exact 
form of the diagonal matrix elements of the effective Hamiltonian for this 
, system. It appears that, contrary to the Lee-Oehme-Yang (LOY) result, 

■ these exact diagonal matrix elements are different if the total system is 

"""^ ' CPT-invariant but CP-noninvariant. 

a: 

q h " 1 Introduction 

Following the LOY approach, a nonhermitian Hamiltonian Hn is usually used 
to study the properties of the particle-antiparticle unstable system [5] - 



H^M-^T, (1) 

where 

m = m+ , r = r+ (2) 

are (2 x 2) matrices acting in a two-dimensional subspace H\\ of the total state 
space H.. The M-matrix is called the mass matrix and T is the decay matrix. 
Lee, Oehme and Yang derived their approximate effective Hamiltonian H« = 
Hloy by adapting the one-dimensional Weisskopf-Wigner (WW) method to 
the two-dimensional case corresponding to the neutral kaon system. 
Almost all properties of this system can be described by solving the Schrodinger- 
like equation [21 - [U 

= H^-t) h (i>t >-oo) (3) 
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(where we have used Ti = c = 1) with the initial conditions 

|| hM = to>|| ||=1, 1^*0=0)11=0, (4) 

for \ip;t = io)|| belonging to the subspace of states Tin (Wii C Ti.), spanned by, 
e.g., orthonormal neutral kaons states K° and K°. The solutions of Eq. 10 may 
be written in a matrix form, which may be used to define the time evolution 
operator Uu(t) acting in subspace H\\ 

|^t)||=C7||(t)|^,to=0)||=t/||(t)|^)||, (5) 

where 

|^)||=ai|l) + 02|2) (6) 

and |1) denotes particle "1" - in the present case \K°) whereas |2) corresponds 
to the antiparticle state for particle "1": \K°), (j|k) = Sjk, j,k = 1,2. It 
is usually assumed that the real parts of the diagonal matrix elements of Hn , 
namely ift(-), 

Hfoi) C7" = 1,2), (7) 

where 

^■ fc =(j|ff|||k) (j,k=l,2) (8) 

correspond to the masses of the particle "1" and its antiparticle "2" [5] - [El- 
is the imaginary part of hjj 

^l>.n- I,; (i = l,2) (9) 

and Tjj are interpreted as the decay widths of the particles. According to the 
standard result of the LOY approach, in a CPT invariant system, i.e. when 

QH&- 1 = H, (10) 

(where 9 = CPT, H = H + is the Hamiltonian of the total system under 

consideration) 

we have 

h\r - h^°y. (ii) 

The universal properties of the unstable particle-antiparticle subsystem de- 
scribed by the H fulfilling the condition 111 Oil , may be investigated by using the 
matrix elements of the exact Un, instead of the approximate one used in the 
LOY theory. The exact U\\ can be written as follows 

U^t) = PU(t)P, (12) 

where 

P=|l)(l| + |2)(2|, (13) 

and U(t) is the exact evolution operator acting in the whole state space. This 
operator is the solution of the Schrodinger equation 

i^U(t)\<f>)=HU(t)\<f>), U(0) = I. (14) 
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I is the unit operator in the Ti space and \<f) = \<j>;to = 0) € H is the initial 
state of the system. 

In the remaining part of the poster we will be using the following matrix repre- 
sentation of the evolution operator 

m-( A P I). w 

where denotes the zero submatrices of the suitable dimension, and the A(t) 
is a (2 x 2) matrix acting in Tin 

A(t)=ri"S^:n. w 



A 2l {t) A 22 {t) 
where 

A 3 k(t) = ai^llWIk) = (j|C/(i)|k) (j,k = 1,2). (17) 
Assuming that the property ill Oil holds and using the following definitions 

9|1) = e~ ie \2), 0|2) ^ (18) 

it can be shown that 

A xl {t) = A 22 (i). (19) 

A very important relation between the amplitudes Ai 2 (t) and A 2 i(t) follows 
from the famous Khalfin Theorem [Z| - EH 

r(t) = A . 12< f \ = const = r => \r\ = 1. (20) 

General conclusions concerning the properties of the matrix elements of H\\ can 
be drawn by analyzing the following identity E] 

H l{ (t) = i^[A(t)]-\ (21) 

Using Eq. ll2l)l we can easily find the general formulae for the diagonal 
matrix elements hjj, of H\\(t) and next assuming ifTTHl and using relation iflfll) 
which follows from our earlier assumptions, we get 

hll{t) ~ = d^Mt) \—d^ A ^ {t) - ~^ Mlit) ) ■ (22) 

In pi] it was shown, by using relation J22J, that this result means that in the 
considered case (with CPT conserved) for t > we get the following theorem 

h n (t) - h 22 (t) = & ^^- = const (t > 0). (23) 

A 2 i(t) 

Thus, for t > the problem under study is reduced to the Khalfin Theorem (see 
relation EH) HU. 
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Having noticed this, let us now turn our attention to the conclusions follow- 
ing from Khalfin's Theorem. CP noninvariance requires that \r\ ^ 1 pi El HI 
HI El El EH ■ This means that in this case the following condition must be 
fulfilled: r = r(t) ^ const. Consequently, if in the considered system property 
iflfljl holds, but at the same time 

[CV,H]^0 (24) 

and the unstable states "1" i "2" are connected by I|18J1 . then in this system for 
t > pT] 

M*)-Mf)^0. (25) 

So, in the exact quantum theory the difference (/in(£) — h-zi{t)) cannot be equal 
to zero with CPT conserved and CP violated. 



2 A model: one pole approximation 

While describing the two and three pion decay we are mostly interested in the 
\Ks) and \Ki) superposition of \K°) and \K°). These states correspond to the 
physical \Ks) and \Ki) neutral kaon states |13U14j 

\K s )=p\K Q )+ q \K ), \K L )=p\K°)-q\K ). (26) 

Using the spectral formalism we can write an unstable state |A(i)) as 

|A(t))=5>(*)>"A(g), (27) 

where \q(t)) = e~ ltH \q), vectors \q) form a complete set of eigenvectors of the 
hermitian, quantum-mechanical Hamiltonian H and uj\(q) = (q\X). If the con- 
tinuous eigenvalue is denoted by to, we can define the survival amplitude A(t) 
(or the transition amplitude in the case of K° <-> K° ) in the following way: 



A(t)= J dme- lmt p{m), (28) 

Spec(H) 

where the integral extends over the whole spectrum of the Hamiltonian and 
density p{m) is defined as follows 

p(m) = Mm)| 2 , (29) 

where u>x(m) — (to|A). 

In accordance with formula ll27ll the unstable states K$ and Kl may now 
be written as a superposition of the eigenkets 

/>oo 

\K S )= dm y\u s , a {m)\(j> a {m))] (30) 

\K L )= 4nVu il? (m)|^(m)). (31) 
Jo „ 
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The Breit-Wigner ansatz 

PwB(m) = —- 1 p2 = \u;(m)\ 2 (32) 

An (m - m Q ) 2 + ^ 

leads to the well known exponential decay law which follows from the survival 
amplitude 

POO 

A BW (t)= dme- lmt p WB (m)=e-" n ° t e-i r ^. (33) 



(Note that the existence of the ground state induces non-exponential corrections 
to the decay law and to the survival amplitude iXW) — see )• It is therefore 
reasonable to assume a suitable form for ujs,0 and u>L,p- More specifically, we 
write 53] 

T^AsAKs -» P) . , v_ [tIAlAKl ->0) 



usA m ) = \hz — ; r-Tj' ^lA™) = Vn- — ; — — (34) 

where A$,p and Al„s are decay (transition) amplitudes, end thus 

, v T x (A X AK X ^P)) 2 

P*./»("0 = (rx) 2 , (35) 

Z7r (m — m x y + » y 

where x = L,S. 

In the one-pole approximation (13-411 Ak^o^) can be conveniently written 

as 

= Ak-°.k- (*) = 

1 f e — f. r^ dy c^+r<iy-~ ilstA 



2n\ \ J y 2 + l J y 2 + l 



-e—'|-/ '*7 + r + /, *7FTlt' (36) 



(I 



e 



Collecting only exponential terms in Il3fifl one obtains an expression analogous 
to the WW approximation 

A K o K o(t) = A R0R0 (t) = I {e- imst e-^ + e~™ «* e -w.«) + N K « K o(t). (37) 

Here N K a K o{t) denotes all non-oscillatory terms present in the integral l|36|) , 

3 Diagonal matrix elements of the effective 
Hamiltonian 

Using the decomposition of type l|37fl and the one-pole ansatz . we find the 
difference (HJ, which is now formulated for the K° — K° system. Here it has 
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the following form: 



M*)-M*) 



X(t) 

Y(ty 



(38) 



where 



and 



vi i • i dA K o K o{t) dA K o K o{t) . , 

^ = ' di AK ° Ka{ t> ^»k»W ) (39) 



Of 



Y{t) = Axajco^Ajp,^,^) - ^o^a(t)A^o K o(i). 



(40) 



Using the above mentioned spectral formulae in the one - pole approximation 
1.1411 we get A K ogo(t) and A^o K o(t) 



and 



+ V757l (_ 2ijsCl + D > F > 
75 V 



_ e -irn L t e -^ L t 



1L 

+ N K o RO {t) 



2i lL C I -D' I + F[ 



_ e -imz.t e -fit 



-1 + 



1L \ 



-2i lL d + D'j - F'j 



(41) 



(42) 



where N K o^o(t), Ng;o K o(t) denotes all non-oscillatory terms and Cj, D'j, F[ are 
defined in 
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Using the expression for the derivative of Ei we can find the derivatives 

and aA *°*°W 



which will be necessary for the following calculations dAjc ^ ° — 



at 



dA K o Ro (t) 
dt 



1+TT 



8irp*q 



im s - 7s + 



+e -imi,t e - 7x ,f 



+V7^7F^-2i7iC/ + D' I -F' I 
+AN K0R0 (t) 



(43) 



and 



at 



1 + 7T 

8npq* 



g—imstg—yst 



-ims - is + 



+^7^71 -2i7sC z + D'j - F} 



im L - 7l + 



+V7S7l( 2ij L Ci - D 1 ! + F'j 
+AN R0K0 (t), 



(44) 



where AN K o R o(t), AN R o K o(t) denotes all non-oscillatory terms. 

The states \Kl) and \Kg) are superpositions of \K°) and \K°). The lifetimes 
of particles \K£) and \Ks) may be denoted by tl and rg, respectively, tl = 
— = 5, 183 • lCT 8 s being much longer than t s = J- = 0, 8923 • !CT 10 s. 



Below we calculate the difference 1(381) for i 



7S 



X(t ~ T L ) 



(45) 



If we only consider the long living states \Kl) we may drop all the terms con- 
taining e~ lst \t~ TL as they are negligible in comparison with elements involving 
the factor e~ lLt \ t ^ TL - We also drop all the non-oscillatory terms N K o K o(t) 7 
NK°K°(t)> N K OKo(t) present in A K o K o(t), A ROK o(t) and A K a R a(t), that is in 
integrals il3fifl , 14111 and 14211 , because they are extremally small in the region of 
time t ~ tl |13l 1161 117] . Similarly, because of the properties of the exponen- 
tial integral function Ei, we can drop terms like AN R o K o and AN K o R o present 
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Ill 



dA 



(23) and 



OA 



K»K" 



l|44|) ,This conclusion follows from the asymptotic 



dt Q t 
properties of the exponential integral function Ei and the fact that AN^o^o, 
AN K oj^o only contain expressions proportional to Ei. 

We may now calculate the products A K o K o (i^^o^jo (i), A K oj(o(t)A^oxo{t), 



dA, 



dt dt 

tioned properties of N K o K o (t) , AN K o K o (t) and performing some algebraic trans- 
formations, leads to the following form of the difference 145H : 



dA 







(t)Aj^o K o(t), which, after using the above men- 



hu(t ~ t l ) - hiiii ~ t l )) 



Z 



2tt + 1 / W 



(46) 



where 



4bl 2 M 2 - 



2tt+ 1 



47T 2 



+7S ( 4 7 lC^ + — (-D 2 - F 2 + iDjFj) 

\ 1L 



+4iCi(Dj 



(47) 



W 



2 -dm L + D I -F I 



-4C m + ^ f -r>; + Fj 



?0. 



(48) 



4 Final remarks 

• Our results presented in the present poster have shown that in a CPT 
invariant and CP noninvariant system in the case of the exactly solvable 
one-pole model, the diagonal matrix elements do not have to be equal. In 
the general case the diagonal elements depend on time and their differ- 
ence, for example at t ~ T£, is different from zero. Z and W in 14(it are 
different from zero, so the difference (hn(t) — h 2 2(t))\t~ TL 7^ 0. From this 
observation a conclusion of major importance can be drawn, namely that 
the measurement of the mass difference (m K o — m^o) should not be used 
while designing CPT invariance tests. This runs counter to the general 
conclusions following from the Lee, Oehme and Yang theory. 

• A detailed analysis of hjkif), (j,k — 1,2) shows that the non-oscillatory 
elements N a ^(t), AN a ^(t) (where a,(3 — K°,TC°) is the source of the 
non-zero difference (hu(t) — /i22(*)) in the model considered. It is not 
difficult to verify that dropping all the terms of N a .p(t) 7 AN a ^(t) type 
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in the formula for (h n (t) - h 22 (t)) gives (/iff(i) - h%f{t)) = 0, where 
h°jj C {t), (j = 1,2), stands for hjj(t) without the non-oscillatory terms. 

• The result (hu(t) — /i22(0) 7^ seems to be very important as it has been 
obtained within the exactly solvable one-pole model based on the Breit- 
Wigner ansatz, i.e. the same model as used by Lee, Oehme and Yang. 
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